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Abstract
A simple model of a blackhole evaporation without information loss is
given. In this model, the blackhole is not in a specific mass eigenstate as
it evaporates but rather, is in a superposition of various mass eigenstates
and is entangled with the radiation. For astrophysical blackhole, the mass
distribution is sharply peak about its average value with a vanishingly
small standard deviation, which is consistent with our intuition of a
classical object. It is then shown that as the blackhole evaporates, the
evolution of the closed blackhole-radiation system is unitary. This is done
by showing that the full density matrix satisfies Trρ2 = 1 at all times.
Finally, it is shown that the entanglement entropy, after an initial increase,
decreases and approaches zero. These show that this model of blackhole
evaporation has no infromation loss.
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1. Introduction
One phenomenon where the friction between the General Theory of Relativity and Quantum Mechanics
is concretely felt is the information paradox in a blackhole evaporation [1]. One can think of this process
as follows. In the vicinity of the horizon, an entangled pair of particle and antiparticle is created, with one
particle falling into the horizon while the other escaping into infinity as the Hawking radiation. As more pairs
are created, the entanglement entropy associated with the reduced density matrix of the radiated particles,
which is a mixed state, monotonically increases. The blackhole will eventually disappear as the evaporation
is completed leaving a large entanglement entropy. In this picture, one therefore have a closed system that
started from a pure state, that is, the state of the matter before collapsing into the blackhole, and ends up
with a mixed state with a large entanglement entropy.
In Hawking’s 1976 paper [1], he attributed this non-unitary evolution to the existence of a “hidden
surface”, which is the horizon, in addition to the initial surface where data is given and the final surface
where measurements are done. Various types of solutions have been proposed including string theory, non-
locality, and complimentarity [2–4] and a recent suggestion by Hawking et. al. that the information are
stored in the horizon of the blackhole [6]. I refer the reader to Hossenfelder’s and Smolin’s review article for
a classification of these various solutions.
In this paper, I will take the conservative view that the non-unitary evolution is a consequence of com-
bining the classical treatment of blackhole and the quantum-mechanical treatment of the radiation. Viewed
this way, this non-unitary evolution is in fact related to the quantum measurement problem in quantum me-
chanics where the wavefunction of a quantum object undergoes a non-unitary collapse upon interaction with
a classical measuring apparatus (see the review [7] for example). A simple quantum-mechanical description
of the blackhole evaporation, that is, describing it in terms of a quantum state in a Hilbert space should
therefore remove the information paradox. Specifically, the closed quantum system involving the blackhole,
described by a state ket, and the radiation should evolve in a unitary way. In the next section, a model
of blackhole evaporation is given. In this model, the blackhole is not in a specific mass eigenstate as it
evaporates but instead, is in a superposition of various mass eigenstates. In Section 2.1, a simple model is
given for illustrative purposes. It is shown that during the blackhole evaporation, the entanglement entropy
decreases back to zero after an initial increase. Lastly, the summary and conclusion is given.
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2. The Model
In this discussion, I will denote the state of the nonrotating and uncharged blackhole by |M〉 where M is the
blackhole’s mass. It is possible that there are other quantum numbers to completely specify the microstate
of the blackhole. After all, it has entropy proportional to M2. However, for my purpose, this is sufficient. In
this notation, the state |M = 0〉means that the corresponding classical geometry is the Minkowski spacetime.
The particle vacuum will be denoted by |Ω〉. I will follow a simplified version similar to the the discussion
by Mathur [8] and denote the creation of neutral scalar particle-antiparticle pair at the horizon by the state
1√
2
|0〉|0〉+ 1√
2
|1〉|1〉 (1)
where |0〉|0〉 denotes a state without pair creation while |1〉|1〉 denotes a state with particle-antiparticle pair.
The leftmost state in |1〉|1〉 is the ingoing particle that will cross the horizon, while the rightmost state
is the outgoing particle that will escape to infinity. I will follow the specific choice of mode expansion by
Hawking [1] so that the outgoing particles can be interpreted as the particles detected by an observer with
a worldline that is at a constant distance from the horizon.
In the original treatment of Hawking, the probability of creating n particle-antiparticle pairs in the jth
mode at the horizon is given by P (nj) =
(1−x)(xΓ)n
[1−(1−Γ)x]n+1 where Γ = |tω|2 is the transmission coefficient and
x = exp{−ωT−1} [1]. In Eq.(1) on the otherhand, it is assumed for simplicity that there is only a single mode
and that the relevant number of pairs created are only zero or one. Although Eq.(1) is a simplified version,
it nevertheless captures the essence of pair creation at the horizon. Note also that if the particle-antiparticle
pairs are fermionic, then Eq.(1) is just the coherent state ∼ exp{c†b†}|Ω〉.
The process of pair creation at the blackhole horizon will then be denoted by
|M〉|Ω〉 → |M〉
(
1√
2
|0〉|0〉+ 1√
2
|1〉|1〉
)
. (2)
The pair creation process above is only possible in the presence of a blackhole, that is for M > 0.
On the other hand, there is no pair creation on a flat spacetime so that
|M = 0〉|Ω〉 → |M = 0〉|Ω〉. (3)
I will now distribute the state |M〉 inside the parenthesis in Eq.(2) and consider its second term. One of
the particle will fall into the blackhole while the other will escape into infinity. The falling particle will have
a negative energy −δm and will reduce the mass of the blackhole. We therefore have the process
|M〉|1〉|1〉 → |M − δm〉|0〉|1〉 (4)
If the pair creation described by the processes (2), (3), and (4) are completed, I then have
|M〉|Ω〉 → 1√
2
|M〉|0〉|0〉+ 1√
2
|M − δm〉|0〉|1〉. (5)
In the equation above, the blackhole is now entangled with the state of the outgoing particle: either the
outside observer will not detect a radiated particle and the blackhole has mass M or she will detect an
outgoing particle and the blackhole mass is M − δm. Note that there is now an uncertainty in the mass
of the blackhole since it is in a superposition of mass eigenstates |M〉 and |M − δm〉. Contrast this to the
usual treatment of a blackhole evaporation where the blackhole is treated as a purely classical object where
its exact mass is known during the evaporation.
If the process (5) is applied N ≡ M/δm times (think of it as a discrete-time iteration, where there is a
50% probability of pair creation at each discrete time interval) the resulting state can be written as
|ψN 〉 = 1
2N/2
N−1∑
n=0
[
N !
(N − n)!n!
]1/2
|M − nδm〉|n〉 (6)
where |n〉 describes the state where a total of n particles are radiated after the Nth iteration.
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From the equation above, the probability that the blackhole is in mass eigenstate |M − nδm〉 is given by
P (n) =
1
2N
N !
(N − n)!n! . (7)
Note that for large N , this probability is sharply peaked at N/2.
Using this expression for the probability, the average mass and the standard deviation can be calculated.
Figure 1 shows the average blackhole mass versus the number of iterations or time for N = M = 1000 and
δm = 1. As shown, the average mass is decreasing, that is, the blackhole is indeed evaporating. Figure
2 shows the ratio of the standard deviation and average mass σ/〈M〉 versus time. Note that even in this
modest scenario, M/δm = 103, this ratio is quite small σ/〈M〉 < 0.05 which is a consequence of the sharply-
peaked probability distribution in Eq.(7). In the case of astrophysical blackhole with order-magnitude solar
mass, 1030 kg, radiating a heavy particle of mass 10−30 kg(neutron/proton mass), this ratio is expected to
be significantly smaller: σ/〈M〉 ∼ 10−60 for the first 1030 iterations. Hence, even though I have modelled
the blackhole using a superposition of quantum states, the astrophysical blackholes still intuitively behaves
like a classical one with a sharply peaked average mass. As shown in Figure 2, the said ratio is increasing
and will be significantly large when M ∼ δm. At this stage, the blackhole becomes a microscopic one and it
is not counter-intuitive for it to be in a significant superposition of various mass eigenstates.
200 400 600 800 1000
600
700
800
900
1000
Figure 1: The blackhole average mass vs. time for N = 1000 time steps. The initial mass of the blackhole is taken
to be M = 1000 while the energy of the outgoing particle is δm = 1.
2..1 A Simple Model
To gain further intuition about this model, I will now consider a very simple, albeit unrealistic, case where
M = δm = 1. After iterating N times, the resulting state becomes
|ψN 〉 = 1
2N/2
|M = 1〉|Ω〉+
(
1− 1
2N
)1/2
|M = 0〉|1〉. (8)
Note that the probability amplitude of the state |M = 1〉|Ω〉 does not vanish in finite time. That is,
unlike in classical treatment of the blackhole, one can not say with certainty that the blackhole has fully
evaporated. Although this picture might be reminiscent of the remnant blackhole scenario as a solution to
the information paradox [10–13], a fundamental difference must be noted. In a typical remnant scenario, the
stable blackhole remnant has an exact mass. In the scenario proposed in this paper on the other hand, the
blackhole is in a superposition of various mass eigenstates so that one can not say with certainty that the
blackhole has evaporated. That is, there is a residual probability that the blackhole has a non-zero mass for
any finite time. The model proposed here however, does not suffer from the problem common to remnant
theories where the remnant Planck-sized blackhole stores a huge amount of information.
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Figure 2: Mass tandard deviation over average mass vs. time for N = 1000. The initial mass of the blackhole is
taken to be M = 1000 while the energy of the outgoing particle is δm = 1.
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Figure 3: Entanglement entropy vs. time for M = δm = 1.
The full density matrix corresponding to the state (8) is given by
ρ(N) =

1
2N
1
2N/2
(
1− 1
2N
)1/2
1
2N/2
(
1− 1
2N
)1/2
1− 1
2N
 . (9)
It can be verified that at all times
Trρ(N)2 = 1 (10)
confirming that the evaporation process Eq.(5) used in this model is unitary. This also shows that the
closed system, composed of the blackhole and the radiation, remains as a pure state at all times during the
evaporation process. It is in this sense that the information paradox is solved.
The reduced density matrix can be calculated by tracing out the blackhole states in the full density
matrix
ρr =
(
1− 1
2N
)
|1〉〈1|+ 1
2N
|0〉〈0|. (11)
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This shows that the radiation is a mixed state consistent with the result of Hawking [1,9].
The entanglement entropy can then be calculated
S(N) = −
(
1− 1
2N
)
ln
(
1− 1
2N
)
− 1
2N
ln
1
2N
. (12)
This is plotted in Figure 3 as a function of time.
Note that after an initial increase, the entanglement entropy decreases and approaches zero as time
approaches infinity. This is another demonstration that the proposed model has no information loss.
3. Conclusion
In this paper, it was argued that the root of the information paradox is the interaction of the classical
blackhole with the quantum-mechanical radiation. A simple model where the blackhole is described by a
quantum state |M〉 was proposed. It was shown that the blackhole is in a superposition of various mass
eigenstates but with a sharply-peaked average mass and vanishingly small standard deviation for the case of
astrophysical blackhole. This is consistent with our notion of a classical object. Using a simple realization
of the model, it was shown that the closed system composed of the blackhole and its radiation, remains a
pure state during the evaporation process. It was further shown, that although the entanglement entropy
initially increased during the evaporation, it decreases and asymptotically approaches zero for large times.
All of this demonstrates the resolution of the information paradox.
Although the model proposed in this paper is relatively simple, the essence of the arguments can be
extended to a much more realistic and far more complicated blackhole evaporation process.
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